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SINGULAR EQUIVALENCE AND THE (EG) CONDITION 


0YSTEIN SKARTS^TERHAGEN 


Abstract. We show that singular equivalences of Morita type with level be¬ 
tween finite-dimensional Gorenstein algebras over a field preserve the (Fg) con¬ 
dition. 
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1. Introduction 

Throughout the paper, we let fc be a fixed field. 

Support varieties for modules over a group algebra kG were introduced by 
J. F. Carlson in [CarSlj . using the group cohomology ring H*(G, k). Later, Snashall 
and Solberg |SS04) defined support varieties for modules over an arbitrary finite¬ 
dimensional fc-algebra A, using the Hochschild cohomology ring HH*(A). 

We say that a finite-dimensional fc-algebra A satisfies the (Eg) condition if the 
Hochschild cohomology ring HH*(A) of A is Noetherian and the Yoneda algebra 
M) is a finitely generated HH* (A)-module for every finitely generated 
A-module M (for more details, see the definition in Section [7|). It was shown 
in [EHT~*~04] that many of the results for support varieties over a group algebra also 
hold for support varieties over a selfinjective algebra which satisfies the (Eg) con¬ 
dition. We can thus think of the (Eg) condition as a criterion for deciding whether 
a given algebra has a nice theory of support varieties. 

It is therefore interesting to investigate whether the (Eg) condition holds for 
various algebras, and to find out which relations between algebras preserve the 
(Fg) condition. This question has been considered in |PSS14] for algebras whose 
module categories are related by a recollement of abelian categories, and in |KPSI5) 
for derived equivalence of algebras. In this paper, we consider singular equivalence 
of algebras. 
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The singularity category Dsg(A) of a /c-algebra A, introduced by Buchweitz 
in |Riic87| . is defined as the Verdier quotient 

Dsg(A) = D'^(mod A)/ perf(A) 

of the bounded derived category □'’(mod A) by the subcategory of perfect com¬ 
plexes. This is a triangulated category. We say that two fc-algebras A and E 
are singularly equivalent if there exists a triangle equivalence /; Dsg(A) Dsg(S) 
between their singularity categories, and the functor / is then called a singular 
equivalence between the algebras A and E. 

The purpose of this paper is to investigate to what extent singular equivalences 
preserve the (Fg) condition. Since arbitrary singular equivalences are hard to work 
with and do not necessarily have nice properties, we restrict our attention to special 
classes of singular equivalences. 

A singular equivalence of Morita type (introduced by Chen and Sun in |CS12j ) 
between fc-algebras A and E is a singular equivalence 

Dsg(A) D,g(E) 

which is induced by a tensor functor N — , where is a E-A bimodule subject to 
some technical requirements. Wang |Wanl5j has introduced a generalized version 
of singular equivalence of Morita type called singular equivalence of Morita type 
with level. We recall the definitions of these two types of singular equivalences in 
Section[2j The question we want to answer in this paper is: Do singular equivalences 
of Morita type with level preserve the (Fg) condition? 

All algebras that satisfy the (Fg) condition are Gorenstein algebras (see The¬ 
orem OD, and singular equivalences of Morita type with level do not preserve 
Gorensteinness. Moreover, even if one of the algebras involved in a singular equiv¬ 
alence of Morita type with level satisfies the (Fg) condition, the other algebra 
does not need to be a Gorenstein algebra (see Example 17.41) . This means that the 
(Fg) condition is in general not preserved under singular equivalence of Morita 
type with level. 

However, we can consider the question of whether it is only when one of the 
algebras is non-Gorenstein that such counterexamples arise. In other words, if we 
require all our algebras to be Gorenstein, is it then true that singular equivalences 
of Morita type with level preserve the (Fg) condition? The main result of this 
paper. Theorem 17.31 answers this question affirmatively: A singular equivalence 
of Morita type with level between finite-dimensional Gorenstein algebras over a 
field preserves the (Fg) condition. As a consequence of this, we obtain a similar 
statement for stable equivalence of Morita type (Corollary 17.51) , where we do not 
need the assumption of Gorensteinness. 

The content of the paper is structured as follows. 

In Section [21 we state the definitions of singular equivalence of Morita type and 
singular equivalence of Morita type with level, and look at some easily derived 
consequences. 

In Section [31 we begin to look at what more we can deduce from a singular 
equivalence of Morita type with level when the assumption of Gorensteinness is 
added. We recall the well-known result stating that the singularity category of a 
Gorenstein algebra is equivalent to the stable category of maximal Gohen-Macaulay 
modules. This implies that a singular equivalence 

/: D3g(A) ^ D3g(E) 

between Gorenstein algebras A and E gives an equivalence 

g: GMlAl ^ CMfEl 
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between their stable categories of maximal Cohen-Macaulay modules. We show 
that if the singular equivalence / is of Morita type with level, and thus induced by 
a tensor functor, then the equivalence g is induced by the same tensor functor. 

In Section |4j we consider certain maps of the form 

Ext^(C/, E) ^ ExtX(fIX(17), r!X(E)), 

which we call rotation maps. We show that these maps are isomorphisms if the 
algebra A is Gorenstein and n > idA A. This means that in extension groups of 
sufficiently high degree over a Gorenstein algebra, we can replace both modules by 
syzygies. This result is used in the following three sections. 

In Section [5l we show that if we have a singular equivalence of Morita type with 
level 

D3g(A) D,g(S) 

N0a- 

between two Gorenstein algebras A and E, then we have isomorphisms 

(1.1) Ext!((A, i ?)—^(giA A, N i^iA B) (for A and B in mod A) 

N0a- 

between extension groups over A and extension groups over E, in all sufficiently 
large degrees n. In the terminology of [PSS14) . this implies that a tensor functor 
inducing a singular equivalence of Morita type with level between Gorenstein alge¬ 
bras is an eventually homological isomorphism. The proof of this result builds on 
the result about stable categories of Cohen-Macaulay modules from Section [31 
In Section El we show that a singular equivalence of Morita type with level 
between Gorenstein algebras preserves Hochschild cohomology in almost all degrees. 
That is, if two Gorenstein algebras A and E are singularly equivalent of Morita type 
with level, then there are isomorphisms 

(1.2) HH"(A) ^ HH’"(E) 

for almost all n, and these isomorphisms respect the ring structure of the Hochschild 
cohomology. 

In Section [71 we show the main result of the paper: A singular equivalence of 
Morita type with level between finite-dimensional Gorenstein algebras over a field 
preserves the (Fg) condition. The main ingredients in the proof of this result are 
the isomorphism (11.11) of extension groups from Section|5]and the isomorphism (11.211 
of Hochschild cohomology groups from Section El 

Acknowledgments. I would like to thank 0yvind Solberg and Chrysostomos 
Psaroudakis for helpful discussions and suggestions. I would also like to thank 
Yiping Chen for informing me about the result stated in Corollary 17.51 and how it 
follows from the main result of this paper. 

2. Singular equivalences of Morita type with level 

In this section, we recall the definitions we need regarding singular equivalences. 
We begin with the concept of singularity categories. 

Definition. Let A be a fc-algebra. The singularity category D 5 g(A) of A is a trian¬ 
gulated category defined as the Verdier quotient 

Dsg(A) = D'^(mod A)/ perf(A) 

of the bounded derived category □'’(mod A) by the subcategory of perfect com¬ 
plexes. We say that two algebras A and E are singularly equivalent if their sin¬ 
gularity categories Dsg(A) and D5g(E) are equivalent as triangulated categories. 
A triangle equivalence between Dsg(A) and Dsg(E) is called a singular equivalence 
between the algebras A and E. 
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The singularity category of an algebra was first defined by Buchweitz in [Buc87[ 
Definition 1.2.2]. In his definition, the singularity category is called the stabilized 
derived category, and it is denoted by D'^(A). Later, Orlov |Orl04) used the same 
construction in algebraic geometry to define the triangulated category of singular¬ 
ities of a scheme X, denoted Dsg(X). We follow the recent convention of using 
Orlov’s terminology and notation for algebras as well. The term singular equiva¬ 
lence was introduced by Chen |Chel4) . 

Analogously to the special type of stable equivalences called stable equivalences 
of Morita type, Chen and Sun have defined a special type of singular equivalences 
called singular equivalences of Morita type in their preprint |CS12) . This concept 
was further explored by Zhou and Zimmermann in [ZZ13| . 

Definition. Let A and E be finite-dimensional /c-algebras, and let M be a A- 
S bimodule and N a E-A bimodule. We say that M and N induce a singular 
equivalence of Morita type between A and E (and that A and E are singularly 
equivalent of Morita type) if the following conditions are satisfied: 

(1) M is finitely generated and projective as a left A-module and as a right 
E-module. 

(2) N is finitely generated and projective as a left E-module and as a right 
A-module. 

(3) There is a finitely generated A®-module X with finite projective dimension 
such that M (g)s N = A(B X as A®-modules. 

(4) There is a finitely generated E®-module Y with finite projective dimension 
such that N (g)A M = E © E as E®-modules. 

Notice that the definition is precisely the same as the definition of stable equiva¬ 
lence of Morita type, except that the modules X and Y are not necessarily projec¬ 
tive, but only have finite projective dimension. Thus stable equivalences of Morita 
type occur as a special case of singular equivalences of Morita type. 

The following proposition describes how a singular equivalence of Morita type is 
a singular equivalence, thus justifying the name. 

Proposition 2.1. |ZZ131 Proposition 2.3] Let \My, and eA^a be bimodules which 
induce a singular equivalence of Morita type between two k-algebras A and E. Then 
the functors 

®A — : Dsg(A) -A Dsg(E) and M ©e — : Dsg(E) —Dsg(A) 
are equivalences of triangulated categories, and they are quasi-inverses of each other. 

Inspired by the notion of singular equivalence of Morita type, Wang [WanlSj has 
defined a more general type of singular equivalence called singular equivalence of 
Morita type with level. 

Definition. Let A and E be finite-dimensional fc-algebras, and let M be a A-E 
bimodule and N a E-A bimodule. Let I be a nonnegative integer. We say that M 
and N induce a singular equivalence of Morita type with level I between A and E 
(and that A and E are singularly equivalent of Morita type with level 1) if the 
following conditions are satisfied: 

(1) M is finitely generated and projective as a left A-module and as a right 
E-module. 

(2) N is finitely generated and projective as a left E-module and as a right 
A-module. 

(3) There is an isomorphism M ©e N = (^) in stable category mod A®. 

(4) There is an isomorphism N ©aM = in the stable category mod E®. 
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Just as in the case of singular equivalence of Morita type, the conditions in the 
definition of singular equivalence of Morita type with level are designed to ensure 
that the functors N (g)A — and M — induce singular equivalences. 

Proposition 2.2. |Wanl5[ Remark 2.2] Let aM^ and sNa be bimodules which 
induce a singular equivalence of Morita type with level I between two k-algebras A 
and S. Then the functors 

N ^A —■ Dsg(A) —^ Dsg(E) and M iS)s —■ Dsg(S) -A Dsg(A) 
are equivalences of triangulated categories. The compositions 
M N (g)A —: Dsg(A) ^ D5g(A) and A' ig)A Af : Dsg(I]) D5g(S) 

are isomorphic to the shift functor [—Z] on the respective categories D 5 g(A) and 
Dsg(S). 

We now show that the notion of singular equivalence of Morita type with level 
generalizes the notion of singular equivalence of Morita type, in the sense that any 
equivalence of the latter type is also of the former type. This is mentioned without 
proof in [Wan 15) . 

Proposition 2.3. Let A and S be finite-dimensional k-algebras. If a functor 
f: Dsg(A) Dsg(I]) is a singular equivalence of Morita type, then it is also a 
singular equivalence of Morita type with level. 

Proof. Let M, N, X and Y be bimodules satisfying the requirements of a singular 
equivalence of Morita type, such that f = {N ®a —) • Let I = maxjpdAe X, pd^e Y }. 
Let M' be an Z-th syzygy of M as A-S-bimodule, and let 

(2.1) 0^ M' ^ P,_i ^- > Po^ M ^0 

be the beginning of a projective resolution of M. We show that the bimodules M' 
and N induce a singular equivalence of Morita type with level Z. 

If we consider the bimodules in sequence (EH) as one-sided modules (left A- 
modules or right S-modules), then M and the modules Pq, ..., are projective, 
and thus M' must be projective as well. Thus condition (1) in the definition is 
satisfied. Condition (2) is trivially satisfied, since it is the same as condition (2) in 
the definition of singular equivalence of Morita type. 

Tensoring sequence EH) with N gives the sequence 

0 —^ M C'e ^ Pi—i t • • * —y Pq A^ —^ Af C'e A^ —^ 0- 

This sequence is exact since N is projective as left S-module, and the modules 
Pi CiE A are projective A®-modules since A is projective as right A-module. The 
A®-module M' A is therefore an Z-th syzygy of M N. Since M A is 

isomorphic to A © A and the projective dimension of X is at most Z, this means 
that M' ©s A is an Z-th syzygy of A as A®-module. Similarly, we can show that 
N®aM' is an Z-th syzygy of S as S®-module. This means that conditions (3) and (4) 
in the definition are satisfied. □ 

In the rest of the paper we work with singular equivalences of Morita type with 
level. By the above proposition, all results where we assume such an equivalence 
are also applicable to singular equivalences of Morita type. 

As seen above, if aAJe and eA^v are bimodules which induce a singular equiv¬ 
alence of Morita type with level, then the functors A ©a — and M ©s — are 
equivalences between the singularity categories of A and S. We end this section 
by examining some properties of these tensor functors when viewed as functors 
between the module categories mod A and modS. 
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Lemma 2.4. Let a-Ms and e-^a be himodules which induce a singular equivalence 
of Morita type with level between two k-algebras A and E. Then the functors 

N (8)a —: mod A —)> mod E and M — ■ mod E mod A 

are exact and take projective modules to projective modules. In particular, this 
means that they take projective resolutions to projective resolutions. 

Proof. Consider the functor N (g)A — • This functor is exact since N is projective as 
right A-module, and it takes projective modules to projective modules since N is 
projective as left E-module. □ 

Let A, 'S, M and N be as in the above lemma. Since the functor 

N (g)A —: mod A —>■ mod E 

is exact, it induces homomorphisms of extension groups. By abuse of notation, we 
denote these maps by N (Si a — as well. More precisely, for A-modules U and V and 
an integer n > 0, we define a map 

(2.2) N(Sa-: Ext)((f/,F) ^Ext^(TV® a C/,iV® a V"). 

For n = 0, the map N ®a ~ simply sends a homomorphism f: U —>■ E to the 
homomorphism N ®a f ■ TV ®a U ^ N ®a V. For n > 0, the map TV ®a — sends 
the element represented by the extension 

O^V ^ El 

to the element represented by the extension 

0 —y TV ®A E —)■ TV ® A E.yi —)■ * • • — } TV ®a Ei —TV ®a bJ —^ 0 

obtained by applying the functor TV ®a — to all objects and maps. 

The maps (12.21) play an important role later in the paper. In Section [SJ we show 
that if A and E are Gorenstein algebras, then these maps are isomorphisms for 
almost all n. This fact is used in the proof of the main theorem fTheorem 17.31) . 

3. Gorenstein algebras and maximal Cohen-Macaulay modules 

So far, we have considered the situation of two A:-algebras A and E, together 
with bimodules aMs and eTVa inducing a singular equivalence of Morita type with 
level between A and E. From now on, we restrict our attention to the special case 
where both A and E are Gorenstein algebras. In this section, we prove our first 
result under this assumption, namely Proposition 13.51 which states that the tensor 
functors TV ®a — and M ®e — induce triangle equivalences between the stable 
categories of maximal Cohen-Macaulay modules over A and E. 

We begin by recalling the definition of Gorenstein algebras. 

Definition. A fc-algebra A is a Gorenstein algebra if the injective dimension of A 
as a left A-module is finite and the injective dimension of A as a right A-module is 
finite: 

idA(AA) ^ 00 and idA°p (Aa) < 00. 

If A is a Gorenstein algebra, then idA(AA) and idAop(AA) are the same number, 
and this number is called the Gorenstein dimension of A. In later sections, we need 
the following result about Gorenstein algebras. 

Lemma 3.1. |B.I131 Lemma 2.1] If A is a Gorenstein k-algebra with Gorenstein 
dimension d, then its enveloping algebra A® is a Gorenstein algebra with Gorenstein 
dimension at most 2d. 

We continue by recalling the definition of maximal Cohen-Macaulay modules. 
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Definition. Let A be a A:-algebra. A finitely generated A-module C is a maximal 
Cohen-Macaulay module if ExtA(C, A) = 0 for every positive integer n. We denote 
the subcategory of mod A consisting of all maximal Cohen-Macaulay modules by 
CM(A), and the corresponding stable category modulo projectives by CM IAI. 

In the following lemma, we recall some characterizations of maximal Cohen- 
Macaulay modules over Gorenstein algebras. 

Lemma 3.2. Let K he a finite-dimensional Gorenstein k-algebra and C a finitely 
generated A-module. The following are equivalent. 

(1) C is a maximal Cohen-Macaulay module. 

(2) C has a projective coresolution. That is, there exists an exact sequence 

0 ^ C ^ P_i P_2 • 

where every Pi is a projective A-module. 

(3) For every n > 0, there is a A-module A such that C is an n-th syzygy of A. 

(4) For some n > idA A, there is a A-module A such that C is an n-th syzygy 
of A. 

Proof. We only need to show that statement (1) implies statement (2); the impli¬ 
cations (2) (3) (4) are obvious, and the implication (4) (1) follows 

directly from the definitions. 

We use Theorem 5.4 (b) from [AB,91) . We first describe the notation used 
in |AR.91) for certain subcategories of a module category. 

For a A-module T with the property that Ext\(T, T) = 0 for every i > 0, we 
define the subcategories -*-T and of mod A. The category ^T is the subcategory 
of mod A consisting of all modules A such that Ext\(A, T) = 0 for every f > 0. The 
category Sfr is the subcategory of ^T consisting of all modules A such that there 
is an exact sequence 

0 ^ A To ^ Ti ^ Ta A • • ■ 

where Ti is in addT and im/i is in ^T for every i > 0. 

Theorem 5.4 (b) in [AR91) says that if T is a cotilting module, then the categories 
^T and are equal. 

Now consider the case T = A. Since A is a Gorenstein algebra, it is a cotilting 
module, and then by the above we have -*'A = Furthermore, -‘‘A is the category 
CM(A) of maximal Cohen-Macaulay modules. Therefore, every maximal Cohen- 
Macaulay module is in the category and thus it has a resolution of the form 

0 ^ C ^ T_i P_2 • • • 

where every Pi is a projective A-module. □ 

We now recall the theorem by Buchweitz which provides the connection we need 
between singularity categories and stable categories of maximal Cohen-Macaulay 
modules. 


Theorem 3.3. [Buc87[ Theorem 4.4.1] Let A he a finite-dimensional Gorenstein 
algebra. Then there is an equivalence of triangulated categories 


CM(A) ^ Dsg(A) 


given by sending every object in CM fAj to a stalk complex concentrated in degree 0. 


A direct consequence of Theorem l3.3l is that if two finite-dimensional Gorenstein 
algebras A and E are singularly equivalent, then the categories CM(A) and CM(E) 
are triangle equivalent. If the algebras are not only singularly equivalent, but 
singularly equivalent of Morita type (with level), then there are tensor functors 
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N (g)A — and M (g)^ — that induce equivalences between the singularity categories 
Dsg(A) and Dsg(I]). What we aim to prove now is that these tensor functors also 
induce equivalences between the stable categories CM (A) and CM lSl of maximal 
Cohen-Macaulay modules. We first show that these functors preserve the property 
of being a maximal Cohen-Macaulay module. 

Lemma 3.4. Let aMs and eAA be bimodules which induce a singular equivalence 
of Morita type with level between two finite-dimensional Gorenstein k-algebras A 
and E. Then the functors 

N ® A —: mod A —?> mod E and M (g)x: —: mod E ^ mod A 

send maximal Cohen-Macaulay modules to maximal Cohen-Macaulay modules. 

Proof. Let n = max{idA A, idi; E} (this is finite since the algebras A and E are 
Gorenstein). Let C be a maximal Cohen-Macaulay module over A. Then by 
Lemma 13.21 there is a A-module A such that C is an n-th syzygy of A. By 
Lemma the E-module N (8)a C is an n-th syzygy of N (8)a A, and therefore 
by Lemma 13.21 it is a maximal Cohen-Macaulay module. □ 

Finally, we are ready to prove the main the result of this section. 

Proposition 3.5. Let aM-^: and ^Na be bimodules which induce a singular equiva¬ 
lence of Morita type with level between two finite-dimensional Gorenstein k-algebras 
A and E. Then the functors 

CMfAl ^ CMfEl and CMfE) ^ CMfAl 

are equivalences of triangulated categories. 

Proof. We first check that N ® a — actually gives a functor from CM (A) to CM(E). 
We know from Lemma 13.41 that it gives a functor from CM(A) to CM(E). By 
LemmaUm we see that if / is a map of A-modules that factors through a projective 
module, then the map N (8)a / also factors through a projective module. Thus 
N ®A — gives a well-defined functor from CM lA) to CM lEL 
Consider the diagram 

CMlAl — > CMIEI 


Dsg(A)-D3g(E) 

of categories and functors, where the vertical functors are the equivalences from 
Theorem [S31 and the functor N (8>a ~ in the bottom row is an equivalence by 
Proposition [521 The diagram commutes, and therefore the functor N d^A — in the 
top row is also an equivalence. □ 

4. Rotations of extensions 

If U and V are modules over an algebra A, then dimension shift gives isomor¬ 
phisms ExtA(t/, C) = Ext)(“*(^A(^)> integers n and i with n > i > 0. If 

the algebra A is Gorenstein, then all projective A-modules have finite injective di¬ 
mension. This means that for sufficiently large n (more precisely, n > idA A), we 
can use projective resolutions to do dimension shifting in the second argument of 
Ext as well. That is, we have isomorphisms ExtA(t7, E) = Ext)(^*(I/, II\(E)). By 
dimension shifting in both arguments, we then get isomorphisms 

Ext)((C/, E) - Ext)((L!X(C/), L!X(E)), 
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where we stay in the same degree n, but replace both arguments to Ext by their 
i-th syzygies. In this section, we describe such isomorphisms, which we call rotation 
maps, and which are going to be used several times in later sections. 

For defining the rotation maps, we do not need to assume that we are working 
over a Gorenstein algebra. This however means that the maps are not necessarily 
isomorphisms. We first define the maps in a general setting, and then in Lemma l4.ll 
describe the conditions we need for ensuring that they are isomorphisms. 

Definition. Let A be a finite-dimensional A:-algebra, and let U and V be finitely 
generated A-modules. Choose projective resolutions tt: •••— 
and r: • ■ • —Qi —>• Qo —t E —>■ 0 of the modules U and V. Let i and n be integers 
with i < n, and let 

TT,: 0 ^ Pi-i -^ Po ^ P 0, 

Ti: 0 —>■ Qi—1 Qo —>■ E —>■ 0 

be truncations of the chosen projective resolutions. We define the i-th rotation of 
the extension group Pixi\{U,V) with respect to the resolutions tt and r to be the 
map 

p,: Ext^(P,E)--ExtX(fIX(P),L!X(E)) 


ExtX+*(P,fIX(^)) 

given by pi = (7r*)“i(Ti)*. 

Consider the situation in the above definition. If the algebra A is Gorenstein and 
n > idA A, then for each of the projective modules Qj, we have idA Qj < idA A < n, 
and thus the map (r^)* is an isomorphism. This gives the following result. 

Lemma 4.1. Let A he a finite-dimensional Gorenstein k-algehra, and let U and V 
be finitely generated A-modules. For every n > idA A and every i < n, the i-th 
rotation 

p ,: ExtX(P, V) ^ ExtX(IIX(t^), ^AiV)) 

{with respect to any projective resolutions of U and V) is an isomorphism. 

If we look at a rotation map of an extension group ExtX(P, U) with the same 
module in both arguments, then the action of the map can be viewed as a concrete 
“rotation” of the extensions, as we will now see. Let tt: •••—;> Pi—5>Po—5>P—>'0 
be a projective resolution of U, and consider the i-th rotation map 

p,: ExtX(P, U) ^ ExtX(IIX(t^), 

with respect to the resolution tt. Every element of ExtX(P, U) can be represented 
by an exact sequence of the form 

P„_2 ^ ^ P,-^ P,_1 --^ Pg ^ ^ 0 

n\{u) 

Applying the map pi to the element represented by this sequence produces the 
element represented by the following sequence: 

0 ^ L!X(C^) ^ E P„_2 ^ ^ P, ^ L!X(t^) ^ 0 

X X 

U 

We have thus rotated the sequence by removing an i-fold sequence from the right 
side and moving it to the left side. 
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5. Isomorphisms between extension groups 

In this section, we show that if A and E are Gorenstein algebras which are 
singularly equivalent of Morita type with level, then we have isomorphisms between 
extension groups over A and extension groups over E in sufficiently high degrees. 
More precisely, if aMs and eAA are bimodules which induce a singular equivalence 
of Morita type with level between the algebras A and E, then the functor N — 
induces an isomorphism 

(5.1) Extl{A,B)^Extl{N(^AA,N(E)AB) 

for every n > max{idA A, ids E} and for any A-modules A and B. This is stated 
as Proposition [nm 

To prove this result, we use maximal Cohen-Macaulay modules and the results 
from Section [21 as well as the rotation maps from Section 0] By Proposition Id.51 
we know that in the setting described above, we have isomorphisms 

(5.2) Hom A fC. C') = Hom ^^W Ga C. N Ga C) 

between stable Horn groups over A and E for maximal Cohen-Macaulay A-modules 
C and C. Lemma 122] below relates stable Horn groups to extension groups. Using 
this and isomorphism (1^ . we show ('Proposition 15.51) that there are isomorphisms 

Ext)^)!:;, C) ^ ExtS(Ar (8 )a C, N (8)a C) 

for all maximal Cohen-Macaulay modules C and C and every positive integer n. 
Finally, to arrive at isomorphism (15.11) for any A-modules A and B in Proposi¬ 
tion 1221 we use Proposition 15.31 together with two facts about Gorenstein algebras 
from earlier sections: all syzygies of sufficiently high degree are maximal Cohen- 
Macaulay modules, and by using a rotation map, we can replace the modules A 
and B by their syzygies. 

We begin this section by showing, in the following two lemmas, how extension 
groups between maximal Cohen-Macaulay modules can be described as stable Horn 
groups. If C and C are maximal Cohen-Macaulay modules over an algebra A, then 
we get ('Lemma 15.21) an isomorphism 

ExtX(C',C') =HqmA(i^„,C") 

for every positive integer n, with iL„ an n-th syzygy of C. 

In fact, it turns out that the conditions on C and C can be relaxed somewhat. 
Recall that C being a maximal Cohen-Macaulay module means that ExtX(C', A) = 
0 for every positive integer i. To get the above isomorphism in degree n, it is suffi¬ 
cient to assume that ExtA)^, A) = 0, and we do not need to put any assumptions 
on the module C. We use this weaker assumption in the lemmas. 

The following notation is used in the two lemmas. Given two modules A and 
B over an algebra A, we write 0^a{A,B) C HomA(A, i?) for the subspace of 
HomA(A, B) consisting of morphisms that factor through a projective module; then 
the stable Horn group is Hom AfA. B) = BoTaA^A.B)/^^ a{A,B). 

In the first lemma, we consider the special case n = 1. 

Lemma 5.1. Let A he a finite-dimensional k-algebra, and let A and C be finitely 
generated A-modules such that ExtA)^, A) = 0. Let 

r]-. 0 ^ K P C ^0. 

be a short exact seguence of A-modules with P projective. Then the sequence 

0 ^ ^AiK, A) -A HomA(A:, A) ^ ExtA(C', A) 0 
of k-vector spaces is exact. 
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Proof. By applying the functor HomA(—to the sequence r], we get the exact 
sequence 

0 ^ HomA(C', A) ^ HomA(P, A) ^ llomA{K, A) ^ ExtA(C', A) 0. 
From this we obtain the short exact sequence 

0 —>■ ima* ^ HomA(iir, A) ^-4 ExtA(C', A) 0. 

Now we only need to show that im a* = ^a{K, A). If a homomorphism f:K^ 
A lies in ima*, then it factors through the map a: K ^ P, and since the module P 
is projective, this means that / lies in A). We thus have ima* C ^^iK, A). 

For the opposite inclusion, let Q be a projective A-module. Since we have as¬ 
sumed that Ext^(C', A) = 0, we also have ExtA(C', Q) = 0. Then from the long exact 
sequence obtained by applying the functor HomA(—, Q) to the short exact sequence 
rj, we see that every homomorphism g: K ^ Q factors through the homomorphism 
a: K ^ P. Thus every homomorphism which starts in K and factors through some 
projective module, also factors through a, and we get ^a{K, A) C ima*. □ 

Now we continue to extension groups in arbitrary degree by using the above 
lemma and dimension shifting. 

Lemma 5.2. Let A be a finite-dimensional k-algebra, let A and C be finitely gen¬ 
erated A-modules, and let n be a positive integer. Assume that ExtA(C',= 0. 
Let 

7 r„: 0 —^ Kn —^ Pn-i Pn -2 

be the beginning of a projective resolution of C with Kn as the n-th syzygy. Then 
the sequence 

0 ^A{Kn, A) -4 HomA(A:„, A) ^ ExtA(C', A) 0 
of k-vector spaces is exact, and thus the map tt* induces an isomorphism 
Iff-. Hoin ^ A) ^ ExtA(C', A). 

Proof. Decompose the sequence 7 r„ into two exact sequences 
77: 0 —>■ Kn —>■ Pn-l Kn-l —t 0 

and 7 r„_i : 0 —>■ Kn-i —^ Pn-2 Pn—3 —• • • —^ Ti Pq (7 ^ 0, 

such that TTn = rj o 7 r„_i. By dimension shifting, we have an isomorphism 

<_i: Exti(iF„_i, A) ^ Ext^(C, A). 

We observe that tt* = 7 r*_;^ o 77 *, so the following diagram is commutative. 

0 -^ A^A{Kn,A)^ -^ HomA(X„, A) Exti(P„_i, A)-^ 0 

<-i = 

0 -^ t^AiKn, A)C-^ HomA(i^„, A) "" > ExtX(C, A)-^ 0 

By Lemma 15.11 the top row of this diagram is exact. Since all the vertical maps 
are isomorphisms, the bottom row is also exact. □ 

We now show that we get the isomorphisms we want between extension groups in 
the special case where the involved modules are maximal Cohen-Macaulay modules. 
In this case, we get isomorphisms between extension groups in all positive degrees, 
while in the general case which is considered afterwards fProposition 15.41) . we only 
get isomorphisms in almost all degrees. 
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Proposition 5.3. Let K and'E be finite-dimensional Gorenstein algebras which are 
singularly equivalent of Morita type with level, and let and e-^a be bimodules 

which induce a singular equivalence of Morita type with level between A and S. Let 
C and C be maximal Cohen-Macaulay modules over A. Then for every positive 
integer n, the map 

Ext^(C', C) Ext^(7V (8 )a C, N (8)a C') 

is an isomorphism. 


Proof. The idea is to translate the two Ext groups to stable Horn groups by using 
Lemma 15.21 and then use the equivalence of stable categories of Cohen-Macaulay 
modules from Proposition 13.51 
Let 

7r„: 0 —>■ Kn —>■ Pn—i To ^ C” —>-0 

be the beginning of a projective resolution of C with Kn as n-th syzygy. By 
Lemma 12.41 the sequence N (8)a 7r„, which is obtained by applying the functor 
N (g)A — to all objects and maps in 7r„, is the beginning of a projective resolution 
of the E-module N (g)A C, with N (g)A Kn as the n-th syzygy. 

Since C and C" are maximal Cohen-Macaulay modules, we deduce that N^aC, 
N (g)A C", Kn and N ^a Kn are also maximal Cohen-Macaulay modules, by using 
Lemma EJ and Lemma [331 We form the following commutative diagram of k- 
vector spaces. 


HomA(Ar„,C") 

TT* = 

ExtX(C', C') - 


N<»a- 


N<Sia- 


■ BomM N ®AKn,N^A C') 

(AflglATTn)* 

■ExtliN ( 8 )a C,N®a C) 


The vertical maps are isomorphisms by Lemma 15.21 and the map in the top row is 
an isomorphism by Proposition 13.51 Therefore the map in the bottom row is also 
an isomorphism, and this concludes the proof. □ 


Finally, we come to the main result of this section, where we show that if two 
Gorenstein algebras A and E are singularly equivalent of Morita type with level, 
then for every extension group (of sufficiently high degree) over A, there is an 
isomorphic extension group over E. 

Proposition 5.4. Let A and E be finite-dimensional Gorenstein k-algebras which 
are singularly equivalent of Morita type with level, and let a Afs and ^Na be bimod¬ 
ules which induce a singular equivalence of Morita type with level between A and E. 
Let 

d = max{idA A, id^ E} 

be the maximum of the injective dimensions of A and E. Then for every integer 
n > d, we have k-vector space isomorphisms 

ExtA(A, B) —^—> Ext 2 (iV ®A A, N (i)A B) for A-modules A and B, 

N0a- 

Ex.PflA', B') —^—> ExPt{M 02 A', M (8>e B') for E-modules A! and B'. 
M(8)s- 

Proof. Let A and B be A-modules, and let 

TT; • • • — y Pi — y Pq — y A — y 0 and t i • • • — y Qi —y Qq —y B — y 0 

be projective resolutions. Then by Lemma [131 the sequences N (g)A tt and N (^a t 
are projective resolutions of the E-modules N ^a A and N 0a B. We form the 
following commutative diagram, where pd is the d-th rotation map with respect to 
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the resolutions tt and t, and p'^ the d-th rotation map with respect to the resolutions 
N (g)\ TT and N ®a t. These maps are isomorphisms by Lemma l4.II 


Extl{A,B) 




N0a- 


■Exts(7V (g)A^,iV(g)A B) 


N^a- 


Pd 


Ext^+‘^(7V ®A ^i{A), N ®A 


By Lemmathe syzygies rtj^{A) and rtj^{B) are maximal Cohen-Macaulay mod¬ 
ules, and then by Proposition 15.31 the map N ®a ~ in the bottom row is an iso¬ 
morphism. It follows that the map N (8)a ~ in the top row is an isomorphism. This 
gives the first of the two isomorphisms we want. The second isomorphism follows 
by symmetry. □ 


6. HOCHSCHILD cohomology RINGS 

In this section, we define the Hochschild cohomology ring HH*(A) of an alge¬ 
bra A, and we show that if two Gorenstein fc-algebras are singularly equivalent of 
Morita type with level, then their Hochschild cohomology rings are isomorphic in 
almost all degrees. 

We first introduce some notation for rings of extensions. If A is a fc-algebra and 
A a A-module, then we define 

81{A) = Extl(A, A) = 0ExtX(A, A). 

n >0 

That is, denotes the graded fc-algebra which is the direct sum of all extension 

groups of A by itself, with multiplication given by Yoneda product. 

We are interested in the “asymptotic” behaviour of such graded rings of exten¬ 
sions; that is, we want to find isomorphisms which hold in all degrees above some 
finite bound. Given an extension ring f^(A), we therefore consider the graded 
ideals of the form 

^r(dt)=0Ext:^(A,A) 

n'>d 

for some integer d. We use the term mg for a “ring without identity”. The object 
£^‘^{A) is thus a graded rng. In order to study the asymptotic behaviour of exten¬ 
sion rings, the appropriate morphisms to look at are the morphisms of graded rngs 
between objects of the form £^‘^{A). 

We define the Hochschild cohomology of an algebra as the extension ring of the 
algebra over its enveloping algebra. 

Definition. Let A be a finite-dimensional fc-algebra. The Hochschild cohomology 
ring of A is the extension ring HH* (A) = £\e (A). 

Hochschild cohomology was first defined by G. Hochschild in |Hoc45j . The orig¬ 
inal definition uses the bar resolution. We follow the definition in |GE56) . where 
Hochschild cohomology is given by extension groups. Since we have assumed that 
fc is a field, this definition is equivalent to the original one. More generally, the two 
definitions are equivalent whenever A is projective over fc (see [GE561 IX, §6]). 

We now turn to the problem of showing that singular equivalences of Morita type 
with level between Gorenstein algebras preserve Hochschild cohomology in almost 
all degrees. We need the following diagram lemma, known as the “3 x 3 splice”. 
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Lemma 6.1. [ML951 Lemma VIIL3.1] Let R he a ring, and let 



p', 

77 : 

77 " 

PA- 

A' 

^ A 

A' 


1 


PB- 

B' 


^B' 

i 

\ 

\ 

PC- 

C 

-^C 



be a commutative diagram of R-modules, where the three rows rjA, rjB and rjc, as 
well as the three columns rj' , rj and rj" , are short exact sequences. Then the elements 
in the extension group Ext^(C'", A') represented by the composition r/A ov" and by 
the composition 77 ' o tjq are the additive inverses of each other: 

[VA o 77"] = - [17' o Vc] ■ 

If two bimodules a^Ls and induce a singular equivalence of Morita type 
with level between algebras A and E, then the A®-module M 02 is a syzygy of A. 
In the following lemma, we use Lemma l6.1l to show that under certain assumptions, 
the tensor functors (M ®e N) ( 8 )a — and — ®a (Af 02 N) induce isomorphisms of Ext 
groups in almost all degrees. This is afterwards used in the proof of Theorem 16.31 

Lemma 6.2. Let K he a finite-dimensional Gorenstein k-algehra, and let U he a 
-module which is projective as a left A-module and as a right A-module. Let 
d > 2 - idA A. Let K be an i-th syzygy of A as A'^-module, for some i < d. Then the 
maps 

K(g)A-: £l^{U) -A £l^{K ®a U) and - ®aK : £l^{U) -A £^f^{U ®a K) 
are graded rng isomorphisms. 

Proof. We show that the map K ®a — is an isomorphism; the proof for — K is 
similar. Let 

tt: •■•^Pi^-Po^'A -^0 

be a projective resolution of A as A®-module, with K as the i-th syzygy, and let 
(T! ■ ■ ■ —^ Pi (K'a U —t Pq U —)■ U —y 0 . 

be the result of applying the functor — (g)A U to the sequence tt and identifying 
A (g)A U with {7 in the last term. This sequence is exact since U is projective as 
left module, and every Pj ( 8 )a U is projective since Lf is projective as right module. 
Thus, (T is a projective resolution of U, and K (g)A U is an i-th syzygy of U. 

By Lemma 13.11 the enveloping algebra A® of A is Gorenstein, and we have 
idAe A® < 2 • idA A < d. Then by Lemma 14.11 the i-th rotation map 

p,-. £l^{U) ^ £l^{K U) 

(with respect to the resolution a) is a graded rng isomorphism. We show that the 
map K ( 8 )a ~ is an isomorphism by showing that it is equal to the map pi, up to 
sign. More precisely, we show that for any homogeneous element [ 77 ] G £1^{U) of 
degree n > d, we have 

K<E>a [ 77 ] = (- 1 )“ •Pi([77]). 

Let [ 77 ] G £^^{U) be a homogeneous element of degree n > d represented by an 
exact sequence 

p: 0 ^ U ^ En ^ ^ El ^ U ^ 0. 
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0 0 0 0 

0 ^ K ^ K®AEr,^ -- K (8)a Ei -s- K i^aU —^0 

0 ^ Pi-i ®A c/ ^ Pi-i Oa -Bn --- Pi-1 ®A El P,_1 ^aU^O 

1 I 

0 ^ Po ®A C/-S- Po ®A B„ --^ Po Oa El —^ Po ®A C/ ^ 0 

0-s- U -^ B„---- El -^ U -^ 0 

0 0 0 0 

Figure 1. Commutative diagram used in the proof of Lemma 16.21 


We can assume without loss of generality that all the modules Ej are projective as 
left A-modules and as right A-modules. Let 

TTj: 0 AT -)> Pi_i Pq ^ A -J> 0 

(Ti 0 — ¥ K ®A U —^ Pi—I ®A U — y • • • — y Pq 0a U —y U —y 0 

be truncations of the projective resolutions tt and cr. We construct the commutative 
diagram in Figure [T] by tensoring tt^ with ry over A and identifying A 0a ~ with the 
identity in the last row. The rows and columns of the diagram are exact sequences. 

The bottom row in the diagram is the sequence ry, the top row is the sequence 
K 0A Tj, and the first and the last column are both equal to the sequence (Ji. By 
using Lemma [6T] repeatedly, we get the equality 

[{K 0A rf) o dj] = (-l)™[cri o 7y] 

in the extension group Ext^j'Xf^, K®aU). By the dehnition of the rotation map pi, 
we then get 

K 0A [v] = [K 0A v] = (-1)*" ■ Piilv])- 

Since the map pi is an isomorphism, this means that the map K 0a — is an iso¬ 
morphism as well. □ 

We now show that a singular equivalence of Morita type with level between 
Gorenstein fc-algebras preserves the Hochschild cohomology in almost all degrees. 
A weaker form of this result, stating that a singular equivalence of Morita type 
preserves Hochschild cohomology groups in almost all degrees (but not necessarily 
the ring structure of the cohomology), appears in |ZZ131 Remark 4.3]. 

Theorem 6.3. Let A and E be finite-dimensional Gorenstein k-algebras which are 
singularly eguivalent of Morita type with level. Then we have the following. 

(1) The Hochschild cohomology rings HH*(A) and HH*(S) are isomorphic in 
almost all degrees, with isomorphisms that respect the ring structure. 
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(2) Let aMs and ^Na be himodules which induce a singular equivalence of 
Morita type with level I > 1 (see Remark between A and S, and let 
d = max{^, 2 • idA A, 2 • ids S}. Then there are isomorphisms 


HH>‘'(A) 

N^a — iSiaM 

7>d/ 


£>f{N ®A A M) 


£a^^{M S N) 






of graded rngs, where the maps pi and p[ are rotation maps. 

Proof. We show part (2). Part (1) then follows directly. 

Since M and N induce a singular equivalence of Morita type with level I, the 
module M 0s E 0s N = M 0s N is an Z-th syzygy of A as a A®-module. Let 

pi : HH>^(A) ^ 0s E 0s N) 

be the Z-th rotation map with respect to a projective resolution of A with M 0s 
E 0s N as the Z-th syzygy. By Lemma Id.11 the enveloping algebras A® and E® are 
Gorenstein algebras, and we have idA^ A® < 2 • idA A and ids-* E® < 2 • ids S. By 
Lemma HU the rotation map pi is an isomorphism, since 

max{Z, idAe A®, ids® E®} < max{Z, 2 • idA A, 2 ■ ids S} = d. 

We can similarly define the rotation map p[ and show that it is an isomorphism. 

We now show that the maps N 0a — 0a M and M 0s — 0s N are isomorphisms. 
For any n > cZ, we can make the following diagram: 

HH”(A)-g-^ f:Xe(M 0s E 0s N) 

( 6 . 1 ) N0a-<S>aM 

{N 0A A 0A M) ^-=■ 

Pi 


HH"(E) 


Consider the map N 0a — 0a M in this diagram. We construct the following 
commutative diagram with this map at the top: 


HH”(A)-^ £:£e {N 0A A 0a M) 


(M®sAr)®A- a 

0s N 0A A) 


-®A(M®sAr) 


M(g)s-(giE A 

'' 


£le{M 0s Af 0 A A 0 A M 0 s N) 


By Lemma inm the maps (M 0s N) 0a — and — 0 a {M 0s N) in this diagram are 
isomorphisms, since M 0s N is an Z-th syzygy of A as A®-module. Therefore, the 
map N 0A — 0A dVI in diagram (lO) is a monomorphism. By a similar argument, 
the map M 0s — 0 e N in diagram (EH) is a monomorphism. Since HH"'(A) and 
HH”(E) are finite-dimensional over k, it follows that these monomorphisms must 
be isomorphisms. □ 


Remark 6.4. In Theorem 16.31 (2), we assumed that the level Z is positive. The 
reason for this is that if we had allowed Z = 0, then we could not have made the 
rotation maps pi and p[. This assumption does not strongly affect the applica¬ 
bility of the theorem, since any equivalence with level 0 implies the existence of 
an equivalence with level 1. In general, if two bimodules aMy. and eA^a induce a 
singular equivalence of Morita type with level Z between algebras A and E, then the 
bimodules and N induce a singular equivalence of level Z -|- 1 between 

A and E. 
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7. Finite generation 

Support varieties for modules over artin algebras were defined by Snashall and 
Solberg in [SSOdj . using the Hochschild cohomology ring. In |EHT~*~04] . Erdmann, 
Holloway, Snashall, Solberg and Taillefer defined two finite generation conditions 
Fgl and Fg2 for the Hochschild cohomology ring of an algebra. These condi¬ 
tions ensure that the support varieties for modules over the given algebra have 
good properties. In [ESllj . these conditions were reformulated as a new condition 
called (Fg) which is equivalent to the combination of Fgl and Fg2. We use the 
definition from |ES11) . 

In this section, we describe the finite generation condition (Fg). We then show 
the main result of this paper (Theorem 17.31) : A singular equivalence of Morita 
type with level between finite-dimensional Gorenstein fc-algebras preserves the (Fg) 
condition. 

In order to define the (Fg) condition, we first describe a way to view extension 
rings over an algebra as modules over the Hochschild cohomology ring. Let A 
be a finite-dimensional fc-algebra and A a A-module. We define a graded ring 
homomorphism 

HH*(A)^£X(A) 

as follows. A homogeneous element of HH*(A) can be represented by an exact 
sequence 

rj-. 0 ^ K ^ E ^ Pn ^ - >-Po^A-)>0 

of A®-modules, where each Pi is projective. Viewed as a sequence of right A- 
modules, this sequence splits. The complex 

Tj a : 0 —A A —)■ E (S)a A —y P^ ®a A —^ • • • —^ Pq 0 a A —)■ A 0 a A — } 0 

is therefore an exact sequence. By composition with the isomorphism /j-a ■ A0a A 
A and its inverse, we get an extension 

l^A ® (i? 0a a) o : 0 — ^ A — ^ E 0A A — ^ Pji 0a A — ^ • • • — y Pq 0a A — y A —y 0 

of A by itself, and thus a representative of a homogeneous element in the extension 
ring £{^{A). The map LpA is defined by the action 

^AiM) = [^^A O {v ®A A) O ^-1] 

on homogeneous elements. By the map ip a, the graded ring £a{-^) becomes a 
graded HH*(A)-module. 

Definition. Let A be a finite-dimensional fc-algebra. We say that A satisfies the 
(Fg) condition if the following holds. 

(1) The ring HH*(A) is Noetherian. 

(2) The HH*(A)-module Sa^^/ rad A) is finitely generated. (The module struc¬ 
ture is given by the map :/5A/radA, as described above.) 

By [SolOBl Proposition 5.7], the (Fg) condition as define d here is equivalent to 
the combination of the conditions Fgl and Fg2 defined in |EHT+04] . 

The following result describes why Gorenstein algebras are important in connec¬ 
tion with the (Fg) condition. 

Theorem 7.1. [EHT+Odl Theorem 1.5 (a)] If an algebra satisfies the (Fg) condi¬ 
tion, then it is a Gorenstein algebra. 

Our aim is to show that if two Gorenstein fc-algebras are singularly equivalent 
of Morita type with level, then the (Fg) condition holds for one of the algebras if 
and only if it holds for the other. We use the following result, which describes a 
relation between two algebras ensuring that (Fg) for one of the algebras implies 
(Fg) for the other. 
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-HH>^(A) ■ 

PI 


-GaA 


■£:>‘'(A ®A A) 

p'l 


S ®E N) £X^{M E (g)E A ®a A) 


M^s—^sN 


- - ^HH>‘'(E) 


M(8)e- 


-«is(N<g,AA) 


Ar®A A) 


sriA) 


■£^‘'{N ®A A) 


^NiS/^A 


Figure 2. Commutative diagram used in the proof of Theorem 17.31 


Proposition 7.2. Let A and E be finite-dimensional k-algebras. Let A = A/ rad A, 
and assume that we have a commutative diagram 


(7.1) 


HH>'^(A)- — -^ £l'^{A) 

Si f g Si 

HH>^(E)- — -^ 


of graded mgs, for some 'E-module B and some positive integer d, where the vertical 
maps f and g are isomorphisms. Assume that E satisfies the (Fg) condition. Then 
A also satisfies (Fg). 

Proof. This follows from Proposition 6.3 in [PSS14] . □ 


We are now ready to prove the main result of this paper. 


Theorem 7.3. Let A and E be finite-dimensional Gorenstein algebras over the 
field k. Assume that A and E are singularly equivalent of Morita type with level. 
Then A satisfies (Fg) if and only if E satisfies (Fg). 

Proof. We show that if E satisfies (Fg), then A satisfies (Fg). The opposite impli¬ 
cation then follows by symmetry. Let aMs and sNa be bimodules which induce 
a singular equivalence of Morita type with level I > 1 (see Remark 16.411 between A 
and E. Let d = max{Z, 2 • idA A, 2 • ids E}. Let A be the A-module A/ rad A. 

The A®-module M 02 E (8)s N = M (g)x; N is an Lth syzygy of A as A®-module. 
Let TT be a projective resolution of A with M (8>s E (g>s N as the Tth syzygy. Then 
the complex tt (g>A A is a projective resolution of A 0a A, with M (g)s E (g)s N 0a A 
as the Lth syzygy. We construct the commutative diagram in Figure ^ where 
the maps pi and p'l are the Lth rotation maps with respect to the resolutions tt 
and TT 0A A, respectively. These maps are isomorphisms by Lemma 14.11 The 
map M (8>s — 0y: N in the diagram is an isomorphism by Theorem 16.31 and the 
map M 0y: — is an isomorphism by Proposition 15.41 The isomorphisms / and g 
are defined to be the appropriate compositions of the other isomorphisms in the 
diagram. By Proposition 17.21 this diagram shows that if the algebra E satisfies 
(Fg), then A also satisfies (Fg). □ 


We now show that the assumption of both algebras being Gorenstein is necessary 
in the above theorem. Example 5.5 in [PSS14] contains two singularly equivalent 
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algebras where one algebra satisfies (Fg) and the other is not Gorenstein. We use 
the same algebras, and show that there exists a singular equivalence of Morita type 
with level between them. 


Example 7.4. Let A = kQ/{p) and E = kR/{a) be fc-algebras given by the 
following quivers and relations: 

Q'- “(^1—^2 p = {a^,/3a} 


i?: 7 Q 3 cr = { 72 } 

The tensor algebra A E°p has the following quiver and relations: 

ax3°^ 


QxR°P: 


1 X 3 °^ 1x7°'’ 

/3x3°P 

2 X 3 *^ 2x7°'’ 


(a X 3°P)^ (/3 X 3°P)(a X 3°P), 

(1 X 7°'’)^ (2 X 7°'’)^ 

(a X 3°P)(1 X 7 °P) - (1 X 7 °P)(a X 3°P), 
(/3 X 3°P)(1 X 7 °P) - (2 X 7°p)(/3 X 3°P) 


The tensor algebra E A°p has the following quiver and relations: 


i? X Q°P: 3 xa°p (3 X 1 °P 3 X 2°P 

7Xl°P 7X2 °p 


r (3 X a°P) = . (3 X a°P)(3 X /3°P), 

(7 X 1°P)^ (7 x 2°P)^ 

(3 X a°P )(7 X 1°P) - (7 X 1°P)(3 X a°P), 
[ (3 X /3°p)(7 X 2°P) - (7 X 1°P)(3 X /3°P) 


Let aA^e and be bimodules given by the following representations over Q x i?°P 
and R x Q°^, respectively: 


(? 8 ) 


M: 


(? 8 ) 




0 0\ 
1 0) 


0 0\ 
1 0) 


N: (00 


1 0 


(! 8 ) 


o 


We show that the bimodules M and N induce a singular equivalence of Morita type 
with level 1 between the algebras A and E. We first check that these bimodules 
satisfy the first two conditions in the definition. Considering only the left or right 
structure of M and N, we have the following four isomorphisms: 


aM ^ a Na = e 2 A 

sAf ^ E^ Me = E 


Thus the bimodules M and N are projective when viewed as one-sided (left or 
right) modules. 

To check the last two conditions in the definition of singular equivalence of 
Morita type with level, we compute the tensor products M (g)E N and N 0a M as 
representations of quivers, and check that they are syzygies of A and E, respectively. 
The enveloping algebra A® has the following quiver and relations: 


QxQ 


op. 




Xl°P ax2°P 

o 1 V /5‘^P o 
lx /3 ^x2°P 


ixopprTxi°p'"''' 


( 2 > 


/3xl° 


2 xa°P ( 2 X 1°P 


2x/3° 


/3x2°P 


■ 2 X 2°P 


(a x 1°P)^ (/3 X l°P)(a X 1°P), 

(a X 2°P)^(/3 X 2°P)(a X 2°P). 

(1 X a°P)A(l X a°P)(l X /3°P). 

(2 X a°P)A(2 X a°P)(2 X /3°P). 

(a X 1°P)(1 X a°P) - (1 X a°P)(a X 1°P), 

(a X 1°P)(1 X /3°P) - (1 X /3°P)(a X 2°P), 

(/3 X 1°P)(1 X a°P) - (2 X a°P)(/3 X 1°P), 

, (0 X 1°P)(1 X /3°P) - (2 X /3°P)(/3 X 2°P) 
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The tensor product M N is the A®-module given by the following representation 
over Q X Q°P: 

(0 O') 

Viol 

o 

y -0 


M0^N: 


'0 0 
V 1 0 


(? 8 ) 

)C' 



The algebra A considered as a A®-module has the following representation over 

Q X Q°P: 

(-0 O') 

Viol 

o 

. (io)Q* ^- 0 

(1 0 ) 


A: 


c 



There is an exact sequence 

0 — y M N — y A^eixi°p 0 A®e2x2°p —>■ A —^ 0 


of A®-modules, and thus M 0s N is a first syzygy of A. 

The enveloping algebra E® has the following quiver and relations: 


3X7° 


Rx R°P: 


(3 X 3°P 

{ 

7X3°p 


(7 X 3°p)A(3 X 7°P)^ 1 

(7 X 3°P)(3 X 7°P) - (3 X 7°P)(7 X 3°P)J 


The algebra E considered as a E®-module has the following representation over 
R X i?°P: 


E: (SgjTy 




u 

10 O') 

Viol 


Its minimal projective resolution is 


with E itself as every syzygy. The tensor product N 0a M is isomorphic to E as 
E®-module; in particular, it is a first syzygy of E. 

We have now shown that the bimodules M and N induce a singular equivalence 
of Morita type with level 1 between the algebras A and E. The algebra E satisfies 
the (Fg) condition, but A does not, and is not even a Gorenstein algebra. This 
shows that the assumption of both algebras being Gorenstein can not be removed 
in Theorem 17.31 


For stable equivalences of Morita type (which are singular equivalences of Morita 
type with level 0), we can, under some conditions, remove the assumption of Goren- 
steinness. 


Corollary 7.5. Let and eA^a be indecomposable bimodules that induce a 

stable equivalence of Morita type between two finite-dimensional k-algebras A and E. 
Assume that A and E have no semisimple blocks and that A/rad A and E/radE 
are separable. Then A satisfies (Fg) if and only ifTi satisfies (Fg). 
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Proof. By [DMV07[ Corollary 3.1 (2)], the assumptions in the statement of the 

result imply that (M (g)^ ®A —) and {N ®a —,M —) are adjoint pairs. 

Then, by |LX071 Corollary 4.6], it follows that A is a Gorenstein algebra if and only 
if E is a Gorenstein algebra. The result now follows from Theorem 17.31 □ 
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